The counterexample is constructed in the following way. Consider (1) with the zero initial function,
The paper mentioned in the title involved the following statement for the equation with positive and negative coefficientṡ
x(t) + a(t)x h(t) − b(t)x g(t) = 0, a(t) b(t) 0, h(t) g(t) t.
(1) Theorem 1. Suppose lim sup t→∞ b (t) [g(t) − h(t)] l < 1. Then the following hypotheses are equivalent: g(t) ) 0 has an eventually positive solution;
(2) the integral inequality
has an eventually nonnegative locally integrable solution; (3) the fundamental function X(t, s) of (1) is eventually positive; (4) Eq. (1) has a nonoscillatory solution.
The proof of Theorem 1 followed the implications (1) ⇒ (2) ⇒ (3) ⇒ (4) ⇒ (1). The implication (1) ⇒ (2) was based on the claim that any positive solution is eventually nonincreasing; thus the substitution u( (2). However, the claim that a positive solution is necessarily eventually nonincreasing is incorrect. The mistake in the proof is related to the fact that the hereditary operator cannot be easily reduced to a finite segment.
L. Berezansky et al. / J. Math. Anal. Appl. 351 (2009) [819] [820] h(t) = g(t) = n, a(t) = 2 −n , b(t) = 0. Then x(n + 0.5) = 1 + 2 −n−1 , x(n + 1) = 1, the positive solution (which is also the fundamental function X(t, 0)) is not eventually nonincreasing, since it increases in every segment [n, n + 0.5], while all conditions of Theorem 1 hold.
However, the result becomes true if we assume in advance that solutions are eventually nonincreasing. Then the theorem should claim that the following hypotheses are equivalent: the differential inequality has an eventually positive eventually nonincreasing solution; inequality (2) has a nonnegative locally integrable solution; Eq. (1) has an eventually positive eventually nonincreasing solution. The inequality lim sup t→∞ b(t) [g(t) − h(t)] l < 1 in the conditions is omitted.
Theorem 3, Theorem 4, Corollary 3.1, Corollary 4.1, and all results and examples in Sections 5 and 6 remain true. Moreover, not only the existence of a nonoscillatory solution but also the existence of an eventually positive eventually nonincreasing solution (and an eventually negative eventually nondecreasing solution) can be stated.
In Corollary 1.1(1) the inequalities b 1 (t) b(t) a(t) a 1 (t), h 1 (t) h(t) g(t) g 1 (t) 1 (t) a 1 (t) a(t), h(t) h 1 (t) g 1 (t) g(t) and the comparison equation has no eventually positive eventually nonincreasing solutions, then the same is true for (1). With variable delays and coefficients substituted by constants, Corollary 1.2 can be reformulated accordingly.
Theorem 2 and Corollaries 2.1-2.3 will be true if we replace oscillation of all solutions with the assumption that there is no eventually positive eventually nonincreasing solution.
